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Maximum Vortex-Induced Side Force

J. Peter Reding* and Lars E. Ericssont
Lockheed Missiles & Space Co., Inc., Sunnyvale, Calif.

A method of determining the maximum vortex-induced side force on slender bodies at high angle of attack
and zero sideslip is presented. The maximum stationary vortex asymmetry is related to the maximum in-
stantaneous asymmetry for nonstationary separation on a cylinder normal to the flow. Thus, the two-
dimensional peak nonsteady lift to steady drag ratio for a cylinder is indicative of the maximum possible
stationary side-force to normal-force ratio on a slender body. An effective crossflow Reynolds number is used to
relate three-dimensional Reynolds number effects to two-dimensional cylinder results. Similar techniques are
used to predict the maximum additional lift generated by asymmetric vortex shedding.
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Nomenclature
= reference length = dmax
= body diameter
= equivalent diameter, defined by Eq. (1)

= cross-sectional drag; coefficient CD =

= freestream Mach number
= body length
= length of nose tip
= cross-sectional lift; coefficient c{ =

(PV2/2)d

-2D

( p V 2 / 2 ) d
N

= normal force; coefficient CN = • ,( p V 2 / 2 ) S
= base radius
= nose-tip radius
= Reynolds number based on d and freestream

conditions
= effective Reynolds number, Eq. (3)
= reference area = ire2 /4
= freestream velocity
= axial coordinate, distance from body apex

= side force; coefficient CY = y2/2)S

= angle of attack
= angle of sideslip
= cone half-angle
= nose semivertex angle (6N = 6C for conic tip)
= air density
= surface flow inclination (Fig. 7)
= azimuth, or roll angle

Subscripts

AV
B
N
peak
s -
SV
UV

= asymmetric vortex shedding
= base
= nose
= peak-to-peak amplitude
= separation
= symmetric vortex shedding
= unsteady vortex shedding
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Superscripts

([']2)'/2 = root-mean-square value
[" ] = parameter value at the aerodynamic center

Introduction

H IGH-ANGLE-OF-ATTACK requirements for both
missiles and aircraft have precipitated renewed interest

in the vortex-induced side forces that occurs at zero sideslip
on slender bodies.1-21 At high angles of attack, the flow
separating off the leeside of a slender body rolls up into a pair
of symmetric vortices. Above some critical high angle of
attack, the vortices become asymmetric, generating
significant side forces that can cause an aircraft to spin or a
missile to tumble if these vortex effects have not been con-
sidered in the control system design.

Measurements on ogives, cones, and paraboloids have
shown that the vortex-induced side force can be considerably
larger than the normal force (Fig. I).4 Although small nose
bluntness initially has an alleviating effect, substantial side
forces have been measured for moderate to large nose
bluntness (Fig. 2).5'6'9 The vortex-induced side force becomes
negligible at high supersonic speeds (when the crossflow
approaches sonic speed). However, it is of concern for high-
performance aircraft and missiles operating at high angles of
attack in the subsonic and transonic speed regimes. Con-
sequently, an extensive effort has been expended to generate a
data base from which to predict the vortex-induced side forces
for full-scale flight vehicles. The approach has been to
construct a mathematical model where the steady three-
dimensional vortex array is related to the nonsteady two-
dimensional vortex street using the principle of space-time
equivalence. Such techniques rely on empirically determined
constants for the vortex strength and can reliably predict only
the experimental results from which the constants are
determined. The problem is that a single set of experimental
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Fig. 1 Normal- and side-force coefficients for a 3.5 lid tangent
ogive.4
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Fig. 2 Effect of nose bluntness on maximum vortex-induced side
force.5
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Fig. 3 Effect of Reynolds number on the side force of a //cf=3.5
ogive.20

data is but one of many alternative results possible for the
same configuration, since the side force is extremely sensitive
to Reynolds number, roll angle, surface roughness, Mach
number, etc. The present approach is to establish bounds for
the maximum possible vortex-induced side force and thus
furnish the information needed for control system design.

Discussion
Reynolds number exercises a dominating influence on the

side-force characteristics (Fig. 3).4>6-8,n,2o More surprising is
the extreme sensitivity to minute model asymmetries
illustrated by the dramatic effect of roll orientation (Fig. 4a).
Minute asymmetries of the presumably symmetric nose tips
are the culprits (compare Figs. 4a and 4b).} This is demon-
strated further by the equally dramatic effect of surface finish
on side-force characteristics (Fig. 4c). A correlation of the
peak side-force coefficients of Fig. 4b indicates that the side
force is bounded by some maximum possible value and that
the roll orientation only causes the side force to shift between
these positive and negative limits.

The foregoing illustrates the problem encountered with the
standard approach, A theory based on a limited set of ex-
perimental data, or even upon an average of a large sample of
data, cannot be expected to be a generally applicable tool
unless it accounts for all possible sensitivities, known and
unknown. To determine the maximum possible side force
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a) Effect of body roll angle
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b) Effect of nose roll angle

2.0 SYMBOL SURFACE CONDITION
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+ POLISHED GLOSS SPRAY PAINT
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^Reference 9 indicates that a 0.05-deg nose misalignment is suf-
ficient to alter the vortex patterns.
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c) Effect of surface finish
Fig. 4 Effect of minute geometric asymmetries on the side force of a
l/d=3.5 ogive.20

experimentally is also very difficult. In order to make sure
that the maximum side force has been measured in a wind-
tunnel test, the model has to be tested through the complete
360 deg of roll with full-scale manufacturing misalignments,
surface irregularities, Mach number, and Reynolds number
simulated on the subscale model. Even if such total simulation
were possible, the results from such extensive, time-
consuming, and expensive wind-tunnel tests could be in-
validated by subsequent minor configuration changes. In
flight, the control system must be capable of coping with the
maximum possible vortex-induced side force, since a par-
ticular missile maneuver could "lock in" the particular vortex
asymmetry that gives maximum side force. The present
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analysis develops the means for predicting the maximum
possible vortex-induced side force.

If the control system is unable to cope with this maximum
possible side force, as is the case for the aircraft spin-stall
problem where the control surfaces are stalled, steps can be
taken to limit the side force. For vehicles that fly coordinated
maneuvers (i.e., maintain a fixed roll orientation), such as
aircraft and bank-to-turn missiles, small nose strakes provide
an effective fix. They have been shown to reduce and even
eliminate the vortex-induced side forces on noses4'6'11'20 and
complete aircraft configurations.3'17 It is important that the
strakes be located very near the nose tip. Full-length strakes
and aft strakes (that simulate the conduit fairings on some
missiles) have been shown to increase the vortex-induced side
force. 14

Strakes cannot be used for configurations that are allowed
to roll. Conceivably, strakes could worsen the vortex-induced
side-force problem for certain roll orientations. As has
already been discussed, moderate nose bluntness can reduce
the vortex-induced side force (Fig. 2).5 Also, a cir-
cumferential boundary-layer trip, such as a nose ring14 or a
band of vortex generators, 9 has been shown to be moderately
effective in reducing the vortex-induced side force.

All of these fixes are sensitive to Reynolds number, Mach
number, etc., and are very dependent on vehicle geometry and
flight profile. Thus, they must be developed experimentally
for each individual case, although the literature is replete with

SECTION A-A
2-D REFERENCE FLOW

SEPARATION (VORTEX LEAVES SURFACE)
TYPICAL STREAMLINE

Fig. 7 Typical streamline trajectories.

examples (such as those just cited) that can be used as a
starting point for development.

Maximum Vortex-Induced Side Force
As a slender body is pitched through the angle-of-attack

range 0<a<90 deg, it experiences four distinct flow patterns
that reflect the diminishing influence of the axial flow
component (Fig. 5). At low angles of attack (0<a<ce5r), the
axial flow dominates and the flow is attached. At intermediate
angles of attack (aSy<oi<aAy), crossflow sweeps the
boundary layer to the leeward side, where it separates and
rolls up into a symmetric vortex pair. At high angles of attack
(ciAy<oi<auy), crossflow effects start to dominate and the
vortices become asymmetric, thereby producing a side force
for zero sideslip. Finally, at very high angles of attack
(oi>a.uv), the crossflow dominates completely and the
boundary layer is shed in the form of a Karman vortex street
or a random wake, depending upon whether the Reynolds
number is subcritical or supercritical. On pointed slender
cones, development of symmetric vortices has been observed
when the angle of attack exceeds the cone half-angle, both for
laminar and turbulent flow and at all speeds from in-
compressible flow to hypersonic velocities.22"25 In laminar
flow aSK« 1.0 0C, whereas the turbulent value is ctsy= 1.3 6C.
Asymmetric vortex shedding starts when the angle of attack
exceeds the total included cone angle,6'8 i.e., a.AV-2 Bc. As
long as the nose is slender, BN< 15 deg, adding a cylindrical
afterbody does not decrease OLAV significantly. However, for
nonslender nose tips, 6N>25 deg, ctAV is determined mainly
by the body lid. Fiechter26 observed asymmetric vortex
shedding starting at station x when a. = 4.2 d/x. This value of
OLAV agrees well with the experimental results in Refs. 6 and 8
for large lid. Unsteady vortex shedding has been observed to
occur at a>60 deg in several independent tests.1'8'26 In ad-
dition to this expected unsteadiness when a. approaches 90 deg
there is also an unsteady phenomenon at incipient asymmetric
vortex shedding, i.e., when QL~OLAV. Lamont and Hunt18

have observed this on-off asymmetric vortex shedding. It is
conceivable that an aircraft or missile maneuver could "lock
in" this asymmetry, thus effectively extending the a range of
asymmetric vortex shedding.

In the high-angle-of-attack range (<XA v<a<auv), the axial
flow component is just strong enough to organize the leeside
wake into vortex pairs. The circumferential location of the
separation point (the vortex shedding point) and the vortex
strength are determined almost entirely by the crossflow
component. Thus, the circumferential separation locations on
a slender body in this angle-of-attack range are strongly
related to those for a cylinder normal to the flow. Atraghji's
data13 show that the separation locations on a slender body at
angle of attack are bounded by the two-dimensional cylinder
separation points (Fig. 6). (Displaced A0S « 15 deg because of
the separation delay caused by three-dimensional flow ef-
fects.) The oilflow photographs show how the trajectory of
the streamlines feeding the leeside vortices is elevated above
the freestream flow through an angle (a-a) due to the ac-
celeration of the crossflow component around the body (Fig.
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7). Clark and Peoples also present flow visualizations results
showing this streamline elevation.9 The condition of the
boundary layer at separation is determined by the flow
following this path. Aside from the initial /'transient," the
streamline is contained in the intersection between the
cylinder and a plane at angle a relative to the axis. The major
concern is with defining the critical Reynolds number (where
the side force is maximum). Thus, we shall use the arc length
between the stagnation point and the lateral meridian as the
characteristic length for the effective Reynolds number.
Relating this to the two-dimensional reference flow defines
the following effective diameter in the A-A plane (see Fig. 7):

d*/d=

The corresponding Reynolds number ratio is

(Re)eff/Red=(d*/d)cos(a-a)

(1)

(2)

With a = tan ~7(2 tana) for the potential flow over a cylinder,
the effective Reynolds number becomes

(to)eff a f (l+2tan2a) ~|
— / (3)

L V ( 7 + tan2cO (l + 4tan2a) JRed

An earlier version of Eq. (3), in which a = 2ct was
assumed,27 has been shown by Clark28 to be superior to other
suggested formulations in correlating cross-flow drag
measurements for slender missile configurations in the a
range of symmetric and asymmetric vortex shedding
(20<a<60 deg). Applying the more accurate definition of
(Re) eft given by Eq. (3) significantly improves the correlation
for the low a range (20<o?<30 deg). For the a range where

EFFECTIVE CROSS FLOW REYNOLDS NO. (Re)(

Fig. 8 Comparison of critical Reynolds number effects.

Fig. 9 Root-mean-square fluctuating lift measurements for two-
dimensional cylinders normal to the flow.

asymmetric vortex shedding occurs (30<a<60 deg), ap-
proximating Eq. (3) by (Re)eff=Red causes less than 10%
error, which usually is well within the experimental data
scatter.

At the lower angles of attack, the boundary-layer transition
is likely to occur through crossflow-induced vorticity ef-
fects,29'32 and Eq. (3) will not be applicable. Thus, for all
practical purposes,

(4)

For the case that the body diameter is not constant, e.g., for
the pointed noses of missiles and aircraft, an equivalent
cylinder diameter (deq) is used, where deq is the arithmetic
mean of the diameter at the stagnation point and the diameter
at the aerodynamic center (d). For a cone, one obtains

i --* req 2 L
d [ 4tana + tan0c

2tano: + tan#c
(5)

where d—2dB/3 for a sharp cone.
The maximum vortex-induced side force on a slender body

in the critical angle-of-attack range will occur when the ef-
fective Reynolds number is transitional, and it is possible to
have supercritical separation on one side of the body and
subcritical separation on the other. This explains why the
effective crossflow Reynolds number for the maximum side
force measured by Nelson and Fleeman7 correlates with the
critical Reynolds number for a cylinder normal to the flow
(Fig. 8).33 The maximum stationary vortex asymmetry that
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Fig. 10 Comparison of root-mean-square and peak lift coefficients
with cylinder drag curve for a cylinder normal to the flow.
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Fig. 11 Comparison of peak lift/drag ratio on cylinders normal to
the flow with peak side-force/normal-force ratio.
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can be realized for a slender body at a given average effective
crossflow Reynolds number (Re)eff is bounded by the
maximum unsteady asymmetry that occurs on a cylinder
normal to the flow at the same Reynolds number based on the
diameter Red. That the static data are bounded by the in-
stantaneous peak of the dynamic data when flow separation
and associated vortex shedding are involved is illustrated by
many examples from the literature, e.g., the dynamic over-
shoot of drag for impulsively started cylinders and plates,34

the delay of separation on rotating cylinders,35 the delay of
airfoil stall and the resulting overshoot of the static lift
maximum due to pitch oscillations,36'38 sudden aircraft pull-
up maneuvers,39 or leading-edge rotation.40 Thus the peak
unsteady lift coefficient on the two-dimensional cylinder

Table 1 Test conditions for data of Figs. 11 and 14

2-D
CYLINDER

SYMBOL REF M FORCE RAT id

43
42

\Ct PEAK /CD& 4cD PEAK/CD-

___ 44

MINIMI 45

///////// 41 '
_ _ INTERPOLATION AND EXTRAPOLATION

3-D DATA
SYMBOL REF M CONFIG ^/d FORCE RATIO

C) 8 0.25 OG

O 10 0. 25

D 0.6

A 0.8

V f 0.9
O 4 LOW SUBSONIC

<6 4 LOW SUBSONIC
• 20 0.25

• 0.4

A 0.6

V , 0.7

3 10 0.25

3 0.6

A 0.8

2* 1 °*9

1VE 3.5 |CYMAX/CN

ICY|MAX/CN

CYMA>

CY MA>

5.0

• 20 0.25 OGIVE-CYL 7.0

^ 0.42

jf 0.62

T ,i 0.72
+ 4 0.25 CCNE 16° CY MA

O 4 LOW SUBSONIC PARABOLID 3.5 |CY|MA
© 14 0.57 OGIVE-CYL 8.18
B 15 0.6

A 15 \
V 13 0.5

15
11

17

^ 1 | CONE-CYL. 17

ft 10 0.25 CONE-CYL 11 ,

( N N N

''CN

X/CN&4CN/CN

X/CN

& 0.6 CONE 20° CYMAX/CN

% " °'8 l l j
O 20 0.25 OGIVE-CYL 3.5(7) |CVLAY/CM & 4CKI/CKI

DETACHED 1 YIMAX N N N

Y 7 0.6 OGIVE-CYL 14.5 NMAX'CN
A 21 LOW SUBSONIC " " 15.0 Cy MAX/CN

(c/peak) represents the upper bound for the maximum steady
side-force coefficient for the three-dimensional case
( lC y l m a x ) . This implicitly assumes that the axial flow
component organizes even the random wake that occurs at
supercritical Reynolds number into pairs of vortices, as in-
dicated in Fig. 6.13 The normalizing in-plane force coef-
ficients are the steady cylinder drag coefficient CD and the
normal force coefficient CN> respectively. Thus,

CN 0 = b%fdP/ L (c, z ) /2 J L CD
(6)

This peak unsteady lift/drag ratio for the two-dimensional
case provides the upper bound for the steady, three-
dimensional side-force/normal-force ratio.

Root-mean-square (rms) lift measurements from a number
of sources41'46 are summarized in Fig. 9 for cylinders normal
to the flow. For subcritical Reynolds numbers
(Red<Q.2x 106), the unsteady lift varies harmonically, and
c /peak/(c/2) l/2 =V2. For the random wake, the measured ratio
c /peak/(c/2) / /2 varies from 2.7 at Red = OAx\06 to 2.2 at
/te</ = 1.4xl06 , as indicated by Fung's data (Fig. 10).41 It
should be noted that Fung's results41 differ significantly from
Schmidt's.45'46 Schmidt suggests that these differences are the
result of roughness effects; thus, his smoother model shows
lower rms lift values.45'46 We are interested in defining the
greatest vortex asymmetry possible in order to bound the
maximum side force. (The rough data may, of course, also be
more representative for flight hardware.) Therefore, Fung's
results best suit our purposes.

The two-dimensional peak lift/drag ratio c/peak/cD from the
unsteady cylinder data successfully bounds the three-
dimensional side-force/normal-force ratio ICy lm a x /CN (Fig.
11). (See Table 1 for detailed information about the ex-
perimental results.) Fung's c/peak/ (c,2) //2 ratio from Fig. 10 is
applied to both Fung's and Schmidt's results. The in-
terpolation through the critical Reynolds number range
(0.2x 106<JR^<0.4x 106) was accomplished by assuming
that c /peak/(c/2) 1/2 remained constant at the Red = OAxl06

level of 2.7. The mean value of CD indicated in Fig. 10 was
used through the critical Reynolds number range. It can be
seen that the data for noses fall near the limiting boundary,

3.0 -
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Fig. 12 Comparison of symmetric and asymmetric vortex
shedding.4.
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Fig. 13 Comparison of measured and predicted normal-force
coefficient for symmetric vortices.
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Fig. 14 Comparison of peak drag ratio on a cylinder normal to the
flow with the peak normal-force ratio.

whereas the data for nose-cylinders tend to have lesser side-
force ratios as their multiple vortex pairs produce opposing
side-force contributions (Fig. 11).

Maximum Additional Normal Force
Figure 1 shows that the normal force peaks at the same

angle of attack as does the side force. One would expect that,
when the vortices become asymmetric, the normal force will
also increase, and this increase will correspond to the un-
steady in-plane (drag) force on a two-dimensional cylinder.
Thus, the corollary to Eq. (6) is

(7)
d /ACN\ r AcDpe
dx \ C-N / L (AcD

2(AcD^)

where ACN is the additional vortex-induced normal force. It is
presumed that

AcDpeak/(AcD
2) *4=cL p e a k / . ' (c/2) (8)

The data of Coe et al.4 show that, when strakes were added
to an ogive to eliminate the vortex asymmetry, both the side
force and the additional normal force were eliminated
simultaneously (Fig. 12).4 Using Jorgensen's33 extension of
the Alien and Perkins47 crossflow drag techniques, the

normal-force coefficient curves for symmetric vortex shed-
ding were computed. (The effective crossflow drag coefficient
was obtained from CN at a = 90 deg.) The computed normal-
force curve underpredicts the normal-force data in the region
where the vortex-induced loads are a maximum (Fig. 12). A
more severe underprediction is obtained when Jorgensen's
technique is compared to the data of Ref. 20 (Fig. 13) for a 3.5
lid ogive in the presence of a 3.5 lid cylindrical afterbody.
(The afterbody loads were not measured.) Evidently this
reflects a deficiency of the theory in predicting the symmetric
vortex-induced loads. For this reason, the additional normal
force (ACN) has been computed only for cases where data
were available with and without strakes. This limited sample
is bounded by the Ac£>peak / ( CD

 2 ) l/2 limits determined from
the two-dimensional cylinder data, as demonstrated in Fig.
14. (See Table 1 for information about experimental data.)

Conclusions
A method for predicting the maximum possible vortex-

induced side force at high angle of attack and zero sideslip has
been presented. The method uses the peak unsteady lift-to-
drag ratio on a two-dimensional cylinder normal to the flow
to bound the steady side-force to normal-force ratio. An
effective Reynolds number is defined for the three-
dimensional flow and used to relate Reynolds number effects.
Similarly, the additional lift induced by asymmetric vortices
at high angle of attack is bounded by the unsteady peak drag
to steady drag ratio for a two-dimensional cylinder normal to
the flow. This technique should be useful for specifying the
maximum possible side force for control system design of
missiles and aircraft.
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